This paper presents an algorithm that solves the inverse kinematics problem of all six degrees of freedom manipulators, "general" or "special". A manipulator is represented by a chain of characters that symbolizes the position of prismatic and revolute joints in the manipulator and the special geometry that may exist between its joint axes. One form of the loop closure equation is chosen and the Raghavan and Roth method is used to obtain symbolically a square matrix. The determinant of this matrix yields the characteristic polynomial of the manipulator in one of the kinematic variables. As an example of the use of this algorithm we present the solution to the inverse kinematics problem of the GMF Arc Mate welding manipulator. In spite of its geometry, this industrial manipulator has a non-trivial solution to its inverse kinematics problem.
INTRODUCTION
Inverse kinematics of serial manipulators is the problem of finding the values of the joint variables (joint angles or offsets) when the manipulator geometry is known and an end effector position and orientation are specified. The methods that calculate the solutions of this problem are either numerical or algebraic.
We need to define the following terms: A univariate polynomial in one of the kinematic variables that gives all the solutions to the inverse kinematics problem for this variable is called characteristic polynomial. If certain special conditions of the Denavit and Hartenberg parameters exist then the manipulator is said to have a special geometry. If, in addition, these special conditions cause a manipulator to have a lower degree characteristic polynomial than the general manipulator of the same type, we call this manipulator: special manipulator; otherwise the manipulator is called: general manipulator.
Numerical iterative schemes based on NewtonRampson modified techniques, u or on optimization based methods 34 have been used to obtain some of the solutions to the inverse kinematics problem. In general, these methods are very fast but can't give all the solutions. Tsai methods to solve inverse kinematics and they succeeded to find numerically 16 distinct solutions for a 6R of general geometry which is the correct number of solutions.
Algebraic methods are of interest because they give all the solutions. These methods can also be used for symbolic computation of the solutions. The first correct and complete algebraic solution has been given by Lee and Liang 6 "" 8 for 6R and 5R1P manipulators of general geometry. They calculated the 16th degree characteristic polynomial in the tangent of the half angle of one of the joint variables, using spherical trigonometry.
Raghavan and Roth 9 "" presented the first method that may be used to calculate the characteristic polynomial of all general geometry manipulators (i.e. 6R, 5R1P, 4R2P, 3R3P). The works of Manocha and Canney 12 and Kohli and Osvatic 1314 are variants of this method. In both papers the writers succeeded in reducing the execution time of the method.
The main concept of the previous method can be applied to all general types of manipulators. However, when inverse kinematics of two different manipulators has to be solved, two different mathematical analyses are needed in each case (i.e. the loop closure equation can be written with a different form, the unknowns are different, special geometry into one of them may demand the modification of the method).
Our aim in this paper is to present a general algorithm based on the previous method that solves inverse kinematics of all six degree of freedom manipulators (6R, 5R1P, 4R2P, 3R3P), general or special with the same mathematical analysis.
Inverse kinematics of special manipulators has been studied in a systematic way by Pieper and Roth, 15 Smith, 16 and Mavroidis and Roth.' 7 The main concern of these papers is to uncover general conditions on the structural parameters of a manipulator that will reduce the degree of its characteristic polynomial. Very often, for special manipulators, the Raghavan and Roth method has to be modified properly. These modifications have been taken into account by the present algorithm.
Symbolic computation substitutes the "hand made" mathematical development of equations that precedes the numerical programming. Symbolic calculation software packages for the inverse kinematics of manipulators are presented in Khalil and Bennis, 18 Rieseler and Wahl. 19 Both software packages deal with classes of special manipulators. The symbolic computation program presented here, solves the inverse kinematics of both, general and special 6 degree of freedom manipulators.
METHOD OF RAGHAVAN AND ROTH
In this paper we use the variant of the Denavit and Hartenberg notation 2 in which the parameters a,, a h d h 6/ are defined as: a, is the length of link i + 1, a, is the twist angle between the axes of joints i and i + 1, </ , < is the offset along joint i, and 8, is the rotation angle about joint axis i. In this notation the ground is link 1 and the end-effector is link 7.
A complete description of the Raghavan and Roth method can be found in Raghavan and Roth. 9 " Here we describe this method in outline form. The main steps of the method are:
(i) The homogeneous matrix transformation equation of a 6 degree of freedom serial manipulator is written under the form: with Si =sin (8,) and c, =cos (8J. Every element of the vectors X, and Y is called a "power product" of equations (2) .
(iv) 8 of the 14 equations are used to eliminate Y; the resulting system of 6 equations takes the form: (vi) The 6 equations of (4) are multiplied by x 4 and the following 12 x 12 homogeneous system is obtained: 6 follows from two elements of the first two columns of the closure equation.
It has been shown 10 that the same method can be applied to solve the inverse kinematics problem of general 5R1P, 4R2P and 3R3P manipulators. The only difference is that, in the elements of vectors X, and Y of equation (2), for a prismatic joint i, c, is replaced by d, and Sj is replaced by df.
This method has been used by Mavroidis and Roth 17 to identify six conditions between the Denavit and Hartenberg parameters that make a manipulator to become special. The inverse kinematic problem for these manipulators can be solved with the Raghavan and Roth method as well.
GENERAL ALGORITHM
Although the Raghavan and Roth method is general, its application on the inverse kinematics problem depends on the kinematic type and the geometry of the manipulator. In this paper we propose an algorithm that solves the inverse kinematics of all types of manipulators, general or special, with a unified way. We used Maple™, a symbolic computation software, for programming this algorithm. The main steps of the algorithm, that are represented in Figure 1 of Appendix 2, are the following:
Type of manipulator
A manipulator is represented with a chain of characters. Using a notation introduced by Mavroidis and Roth
17
(see Appendix 1) the joint type and the geometry of the manipulator are determined. For example two consecutive parallel revolute joints are represented as R'R'. In every chain of characters there must be 6 characters equal to R or P (a C character is counted as one R and one P). These characters are stored in an additional six-dimensional vector-array, ch. This internal variable, is used to represent the general type of the manipulator and to identify the number and the position of prismatic joints in the manipulator. We can't have more than 3 P characters in a 6 degree of freedom manipulator representation.
In this "interpreter" part of the program the special geometry between the axes of the manipulator is identified and special values 20 that satisfy this geometry are set for the manipulator Denavit and Hartenberg parameters. For example, for the RR'R'RR"R" chain of characters the program will identify that this is a 6R manipulator with joints 2 and 3 parallel, and joints 5 and 6 parallel, and automatically will set a 2 = 0°and a s = 0°.
In addition, the "interpretor" detects special geometries that have no physical sense (ex.: R' + R' i.e. two parallel joints can't be perpendicular) or geometries that cause the manipulator to have less than 6 degrees of freedom 17 (ex. R'XR', two revolute axes are coincident).
Choice of the equation
There are six different ways of writing the loop closure equation:
'J'AJ'
6'Aj'
A f ,A;
AJ'AJ'
Aj'Aj'
These equations have the same general form which is described by the following algorithm: # /15 the subscript of the first matrix of the left # hand side of equations (6) In the general equation (12) when one of the subscripts is equal to u then the matrix A u is equal to the 4 x 4 unitary matrix and when one of the subscripts is equal to 7 then the correspondent matrix AJ' is equal to Anyone of the equations (6) to (11), will yield a characteristic polynomial which is expressed in a different unknown x t depending what the kinematic variable of the matrix A { of the general equation (12) is. The following test determines *,-:
In general, all equations give the same final result and there is no reason to prefer one equation or the other.
However, it turns out that for each equation there are some manipulators for which no characteristic polynomial is obtained. These manipulators are the following:
(i) The matrix A~' must not have a prismatic joint kinematic variable
If the mth joint is revolute then the inverse homogeneous matrix A~' of equation (12) has the 3rd and the 4th columns independent of the unknown d m \ Thus the 14 scalar equations of step ii in section 2 are devoid of the kinematic variable of the matrix A~' (i.e. 6 m ). If this joint is a prismatic one, then the 14 equations are dependent of the kinematic variable of the matrix A~' (i.e. d m ). In that case the number of power products in the right hand side of equation (12) is bigger and we'll need more equations than 14 to solve the inverse kinematic problem. For example, for the RRRPRR general type manipulator, equation (12) is used to solve inverse kinematics with the restriction that (12) is. For 4R2P manipulators the following test identifies the dimensions of I matrix: if x, = d, then "Z is 12 X12" else "27 6x6"
The dimensions of 2 1 for 4R2P manipulators decrease when x,=tan (0,/2). This is explained by the fact that less power products are in the left or right hand side and less equations are needed to solve inverse kinematics. 10 For these 4R2P manipulators, only the first 11 of the 14 equations described in step ii of section 2 are used. So when inverse kinematics for a 4R2P manipulator has to be solved, the program must identify if the equation chosen leads to 12 x 12 or to a 6 x 6 I matrix in order to avoid singular I matrices.
(Hi) Manipulators 3R2P
The characteristic polynomial of 3R3P manipulators has a degree equal to 2. For the same reasons as for the 4R2P manipulators, this polynomial is either obtained from the determinant o f a 6 x 6 o r 3 x 3 2 ' matrix and the following test is used: if x, = d, then "E is 6x6" else "Z is3X 3" (iv) The S matrix has linear dependent columns When the Denavit and Hartenberg constant parameters of a manipulator have special values, then the columns of the 2 matrix may become linear dependent and all the characteristic polynomial coefficients turn to 0.
The algebraic conditions that make the columns of I matrix to be linear dependent, correspond to the Denavit and Hartenberg parameters of matrices Ap and Ap (equation (12) Similar conditions exist for the case when the prismatic joint is either the joint j 3 or the joint j 3 + 1.
We have to note that the method of finding the special values of Denavit and Hartenberg parameters that cause the columns of 2 matrix to be linear dependent is described in reference 20.
(v) The £ matrix has linear dependent lines
In general, manipulators with less than 6 degrees of freedom (degenerate manipulators) will cause that all equations from (6) to (11) , yield I matrices that have linear dependent lines. 20 That is the reason why in section 3.1 degenerate manipulators are excluded from the present study.
However, even if manipulators with less than 6 degrees of freedom are not studied from the program, for each equation, due to numerical reasons there are still some conditions on the Denavit and Hartenberg parameters that will lead to the result that the I matrix has linear dependent lines. 20 These conditions are described with the following algorithm: If for a given value of the subscript i a manipulator satisfies the previous conditions, then the equation (12) for this value of i, can't be used to solve inverse kinematics for this manipulator. This result doesn't mean that the manipulator has less than 6 degrees of freedom, or that it is a special manipulator. It simply means that for this value of i, equation (12) will yield a I matrix with linear dependent lines.
The following example shows the way that the algorithm identifies the proper equation to solve inverse kinematics among equations (6) to (11), using the previous conditions (i) to (v):
Consider the manipulator R±PRPRxR. Despite the special geometric conditions between the joints, this manipulator is general. The 2nd and 4th joints are prismatic and therefore, due to condition (i), equations (6) and (10) can't be used. Due to condition (v), the special geometry of this manipulator will make the program not to use equations (7) and (8) . So for this manipulator only equations (9) and (11) can be used to solve inverse kinematics. Due to condition (ii), equation (9) will calculate the 8th degree characteristic polynomial of this manipulator in d 4 , through a 12 x 12 I matrix while equation (11) will calculate the 8th degree characteristic polynomial in x 6 = tan (0 6 /2), from a 6 x 6 I matrix.
Definition of the vectors of power products
The vectors of power products of equations (2) to (5), i.e. the vectors X, and Y of equation (2), the vector X 2 of equation (4) and the vector X of equation (5) depend on the value of the subscript i of equation (12) and on the type of joints of the manipulator.
The power products of vector X t are defined with the following algorithm:
# The variables ol and o2 specify for each equation it the subscripts of the Denavit and Hartenberg it unknown parameters that participate in X,.
if member (i,[l,2,3,6 The power products of vector Y are defined with a similar procedure.
For 4R2P manipulators that the Z matrix dimensions are 6 x 6 and for 3R3P manipulators, the vectors X 2 and X are not defined because equations (4) and (5) For these manipulators the joints o, and o 2 (these variables were defined in the beginning of the previous algorithm), can't be prismatic at the same time and with no loss of generality, joint o, can always be considered as a revolute one.
For the example of the previous section, i.e. the manipulator RlPRPRXR, equations (9) or (11) were chosen to solve inverse kinematics. For equation (11) 
Symbolic calculation of matrices M and N
For two different types of manipulators that the subscript i of equation (12) has the same value, the 14 equations of step ii in section 2 are exactly the same. On the contrary, for each manipulator type the vectors of power products X, and Y are different (see section 3.3), and therefore their coefficients (i.e. matrices M and N) are different.
The following example shows the way that from an expression u the vector of coefficients m is obtained when a vector of power product w is known:
Consider the expression: u =axy 2 For inverse kinematics of manipulators the expression u is one of the 14 scalar equations defined in step 2 of section 2, the vector w is one of the vectors X t and Y, and the vector m is one line of the matrices M and N.
Symbolic calculation of matrix Z t
This step is called "elimination phase" because the vector Y of the right hand side power products is expressed as a linear function X,.
The "elimination phase" presented in Raghavan and Roth 9-It is valid only for 6R manipulators and when equation (8) is used to solve inverse kinematics. In the present algorithm a general way to eliminate Y is used.
Two equations from the 14 of the system (2) are chosen for which two non-zero products can be specified, for example a and b, in the right hand side of both of them. Then, a 2 x 2 linear system in the unknowns a and b is solved. These expressions of a and b are linear functions of the left hand side power products (i.e. the components of AT,) and linear functions of the right hand side power products other than a and b (i.e. Y-{a,b}). If the expressions of a and b are substituted in the 12 equations that were not used then these equations are devoid of a and b. If this procedure is continued in the same way, then 6 equations are obtained that have 0 right hand side. These equations form the system (3).
The symbolic computation of matrices I 2 a n^ Z follows the steps v and vi of section 2.
Numerical part
It is impossible, till now, to obtain symbolically the characteristic polynomial. So steps (vii) and (viii) of section 2 are performed with the numerical values for the constant Denavit and Hartenberg parameters and for the desired A h matrix.
From the analytical expression of I matrix, its determinant is determined for the numerical values of the known Denavit and Hartenberg parameters and for the desired A h matrix. This determinant yields the characteristic polynomial of the manipulator. The computation of the determinant of I matrix is based on the multiple use of the Laplacian development of a determinant in 3 x 3 subdeterminants and thus the computation time is reduced.
The characteristic polynomial may have special characteristics if the manipulator is special. These characteristics, 1720 may be: (i) existence of extraneous roots ±i represented by a number of factors of (x z +l) (ii) some of the first or last coefficients are 0 (iii) the coefficients of the characteristic polynomial have symmetry properties. Each one of these characteristics reduces the degree of the characteristic polynomial. The program can identify the special type of manipulator and can eliminate each one of these characteristics. So the final characteristic polynomial in the chosen hidden variable has its minimum degree.
SYMBOLIC VERSUS NUMERICAL COMPUTATION OF INVERSE KINEMATICS
One of the questions that we had to answer was the following: "Where does symbolic computation stop and where do we start to perform computations with the numerical values of all known parameters?".
There is a minimum limit of symbolic computation that is needed. This limit corresponds at step iii of section 2, i.e. computation of matrices M and N. We need to have the analytical expression of these matrices. There is also a maximum limit of symbolic computation. This limit is the computation of 2 matrix i.e. step vi of section 2. Due to practical reasons (time, memory capacity) it is not possible to calculate symbolically the characteristic polynomial.
Thus, steps iv, v and vi of section 2 can be computed either symbolically or with the numerical values of the known parameters. There is no general rule where to separate the computations and just personal criteria can be set. From personal experience we can remark the following statements:
(i) For the most general manipulators of all types, it is better to stop the symbolic computation just after the computation of matrices M and N or at least after the computation of matrix I,. Symbolic computations after these steps increase the number of terms and therefore the number of operations.
(ii) For manipulators with a lot of special geometric characteristics (as the manipulator presented in section 6), the analytical expressions of matrices Z 2 and 2 are simple enough so as to be able to continue the symbolic computation until step 6 of section ii.
(iii) For all manipulators, general or special, an analytic expression of matrices M, N, I t , I 2 , 2, is needed if a study on the conditions on the Denavit and Hartenberg parameters that make a manipulator to be special has to be made. 
LIMITS OF THE METHOD
For some manipulators with special geometry the method can't solve inverse kinematics. In addition, there are some special manipulators for which the method solves inverse kinematics but can't calculate the characteristic polynomial of minimum degree. These manipulators that are presented in the next paragraphs, are the exceptions in the generality of the algorithm proposed in this paper.
Manipulators with a characteristic polynomial of fourth degree or lower are called analytic. All known analytic manipulators are described in reference 20. It turns out that most of the analytic manipulators have a 4th degree polynomial in some of the kinematic variables, and for each value of the polynomial unknown there exist two values for some of the rest of the kinematic variables. For example "wrist" manipulators have a fourth degree characteristic polynomial in one of the "arm" kinematic variables. For each value of the polynomial unknown there is one value for the other "arm" kinematic variables and two values for the "wrist" kinematic variables. If the characteristic polynomial unknown were one of the wrist kinematic variables then its degree would have been 8.
The algorithm proposed in section 3 can solve inverse kinematics of all manipulators, analytic manipulators included. However for those analytic manipulators, like wrist manipulators, that the characteristic polynomial can have two different degrees, i.e. 4 and 8 the program can calculate only the characteristic polynomial of higher degree i.e. 8. The reason for this is that if the polynomial degree were 4, then in step viii of section 2 where a linear system is solved in order to calculate the rest of the variables, the linear system becomes singular; for one value of the 4th degree characteristic polynomial unknown, the linear system must calculate two distinct values for some of its unknowns which is impossible. The methods that yield the lower degree characteristic polynomial for all analytic manipulators depend on the manipulator type and geometry and are presented in reference 20.
For some manipulators with special geometry, inverse kinematics is not solved by the algorithm proposed in this paper. This is due to the fact that according to the conditions presented in section 3.2 no equation from equations (6) to (11) can be used to solve the inverse kinematics problem. For example, due to condition (4.2.v) the algorithm can't solve inverse kinematics for the manipulator R x R x R x R x R x R . In general any manipulator with all pairs of consecutive revolute joints either parallel or intersected and all pairs of consecutive revolute and prismatic joints orthogonal, can't be solved by this algorithm.
EXAMPLE: GMF ARC MATE INVERSE KINEMATICS
In this section we present the inverse kinematics of the GMF Arc Mate welding manipulator as an example of the use of the algorithm.
The GMF Arc Mate is an industrial 6R manipulator, shown schematically in Figure 2 (Appendix 3) . Although the mechanical architecture is very similar to that of other industrial manipulators, the inverse kinematics solution for this manipulator is very different and much more complicated.
This special geometry manipulator is represented by the chain of characters: R±R'(0)R'±R+R+R. The non-special Denavit and Hartenberg parameters as they are defined by the constructor are the following: The special geometric characteristics of this manipulator don't reduce the degree of its characteristic polynomial and so this manipulator is general i.e. the degree of the characteristic polynomial would be 16. The program chose equation (8) to solve inverse kinematics. This equation will give the characteristic polynomial of the manipulator in x, =tan (0 3 /2).
The Table I The Table II in Appendix 5 shows the 2" 2 matrix for this manipulator. Each entry of this matrix is a quadratic, in x 3 =tan (0 3 /2). Normally (in the program) this table is in symbolic form. As the available space for this paper is limited it was not possible to write this matrix in its complete symbolic form. The numerical values for the constant Denavit and Hartenberg parameters were considered as they are specified by the constructor. Thus every element of the Z 2 matrix depends only on the task dependent terms, described in Appendix 4.
As we explained in section 4 the characteristic polynomial of the manipulator is calculated for the numerical values of the constant Denavit and Hartenberg parameters and for a specific A h matrix.
Let us suppose that the following A h matrix is specified: -0.434, -0.276, 0.174, 0.217, 2.156, 2 . CONCLUSIONS In this paper we presented a general algorithm that solves in a unified way the inverse kinematic problem for all types of manipulators general or special. There are 42 types of general manipulators (6R, 5R1P, 4R2P, 3R3P ) and an undetermined number of special manipulators or of manipulators with special geometry. Each one of these manipulators needs a different mathematical analysis and therefore a different program to solve inverse kinematics. In our algorithm there is a symbolic computation part that does the analysis adapted to the specified manipulator and that calculates the equations needed to specify the characteristic polynomial of the manipulator. The second part of the algorithm is using the numerical data to calculate the characteristic polynomial of the manipulator and all the solutions to the inverse kinematics problem for the kinematic variables of the manipulator. The inverse kinematics of the GMF Arc Mate welding manipulator has been presented as an example to illustrate the algorithm.
APPENDIX 1. NOTATION OF SPECIAL MANIPULATORS
The notation that represents special geometry in a manipulator is the following: R,P,C + x b denote revolute, prismatic and cylindric joints respectively. are used to indicate parallel joints. For example RR'R'RR"R" is a 6R manipulator with axes 2 and 3 parallel, and axes 5 and 6 parallel. indicates two orthogonal (not necessarily intersecting) axes. indicates two orthogonal and intersecting axes. indicates two intersecting axes. as a subscript, indicates that this joint is part of a Bennett group of axes (i.e. three revolute axes whose Denavit and Hartenberg parameters satisfy the Bennett condition). s as a subscript, indicates that this axis is one of three concurrent revolute axes (i.e. part of an equivalent spherical joint). R (0) indicates that the offset along this revolute axis is zero. P(0° or 90°) indicates that the angle d about this prismatic axis is 0° or 90°. C(90,0) means that the angle d is 90° for the prismatic portion of the coaxial PR pair that forms the C joint, and the offset is 0 for the revolute portion. 
